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PROJECTIVE THREEFOLDS ON WHICH SL(2) ACTS WITH
2-DIMENSIONAL GENERAL ORBITS

T. NAKANO

ABSTRACT. The birational geometry of projective threefolds on which SL(2)
acts with 2-dimensional general orbits is studied from the viewpoint of the
minimal model theory of projective threefolds. These threefolds are closely
related to the minimal rational threefolds classified by Enriques, Fano and
Umemura. The main results are (i) the SL(2)-birational classification of such
threefolds and (ii) the classification of relatively minimal models in the fixed
point free cases.

0. INTRODUCTION

Regular SL(2)-actions on algebraic varieties were studied from diverse points of
view by several authors (see, for instance, [B], [Dul], [Du2], [LV], [P]). In this paper,
we study the projective threefolds on which SL(2) acts regularly with 2-dimensional
general orbits in terms of the minimal model theory of projective threefolds (= Mori
theory, cf. [CKM]).

Our main results are (i) the SL(2)-birational classification of such threefolds
(Theorem 1.4) and (ii) the classification of relatively minimal models in the fixed
point free cases (Theorems 4.1 and 4.2).

Projective threefolds with regular SL(2)-action are closely related to the group-
theoretically minimal rational threefolds. Here a smooth rational projective variety
X of dimension n is called group-theoretically minimal (abbreviated as g.m. in
the following) if the connected component AutO(X ) of the automorphism group
of X containing the identity is maximal in the Cremona group Cr,, of n variables
up to conjugation. Let us discuss this point in some detail, which is the main
motivation for this study. In a series of papers [U1]-[U4], [Mu], Umemura, partly
joint with Mukai, classified all the maximal connected algebraic subgroups of Crs up
to conjugation, giving a rigorous proof to the works of Enriques and Fano [EF], [F].
Further, he studied and clarified the birational geometry of g.m. rational threefolds.

We note that, in dimension 2, g.m. rational surfaces are all toric and they coin-
cide with the geometrically minimal ones (namely, those containing no exceptional
curves of the first kind). However, in dimension 3, there exist g.m. rational three-
folds X whose Aut’(X) is of rank 1 and 2 so that these are not toric (cf. [De]).
Thus, toric threefolds do not cover all the g.m. rational threefolds.

From the viewpoint of group actions, we sought for a class of varieties which
contains all the g.m. rational varieties, and observed that, for any g.m. rational
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variety X of dimension 2 and 3, there exists a simple algebraic group G such that
G acts on X regularly and nontrivially. Equivalently, AutO(X ) is an unsolvable
group for any g.m. rational variety X at least in dimension 2 and 3. Therefore we
decided to study projective varieties with unsolvable Aut®(-). Let 4S(n) be the
set of all isomorphism classes of smooth projective n-folds with unsolvable Auto(-).
For the classification of YS(n) in low dimension (n = 1,2,3), see Proposition A
in Appendix. We here note that projective threefolds on which SL(2) acts with
2-dimensional general orbits are the last class in 4S(3) whose structure is unknown.

This paper is organized as follows. In Section 1 we determine the SL(2)-
birational structure of projective threefolds on which SL(2) acts with 2-dimensional
general orbits (Theorem 1.4). It turns out that X is SL(2)-birationally trivial ex-
cept in one case. We also determine when X has no fixed points (Theorem 1.5)
in this section. From Section 2 to the end of this paper, we concentrate on the
fixed point free cases. In Section 2 we study the contraction map of the extremal
rays in the sense of [Mo]. In Section 3 we construct explicitly some examples of
relatively minimal models (minimal in the geometric sense) and study their elemen-
tary transformations. Finally in Section 4 the classification of relatively minimal
models in the fixed point free cases is done (Theorems 4.1 and 4.2). We note that
our proofs for Theorems 4.1 and 4.2 consist in the description of contraction maps
of extremal rays and the elementary transformations studied in Sections 2 and 3,
respectively. In the Appendix we review the classification of YS(n) for n = 1,2, 3.
The case where X admits fixed points is more complicated and will be discussed in
a forthcoming paper.

Notations and conventions. (1) In this paper, algebraic varieties and algebraic
groups are defined over the field C of complex numbers.

(2) An algebraic n-fold is an irreducible, reduced algebraic variety of dimension
n.

(3) If an algebraic group H acts regularly on a variety X, we say that X is an
H-variety. In this note, when we call X an H-variety, we assume that H acts on
X non-trivially unless otherwise stated. For a point P € X, we denote by O(P)
and Hp the orbit through P and the isotropy group of P, respectively.

(4) Assume that f: X --» Y is a rational map between H-varieties. We say that
f is H-rational if f is H-equivariant where defined.

(5) Throughout this paper, G denotes the special linear group SL(2, C) of degree
2.

(6) When a group M acts on an abelian group N from the right, the semi-direct
product of M and N is denoted by M x N, where multiplication is defined by
(m1,m1)(m2,n2) = (Mmima, ni"?nsg).

1. G-BIRATIONAL CLASSIFICATION

1.1. Let G = SL(2,C) be the special linear group of degree 2. We review the
classification of smooth projective G-curves and G-surfaces for later use.

Proposition 1.1. (1) Let C be a smooth projective G-curve. Then C' is isomorphic
to the projective line P,

(2) Let S be a smooth projective G-surface. Then S is isomorphic to one of the
following; P2, P x PL%,, (n > 1), C x P!, where ¥, := P(Op1 ® Op1(—n)) is
the Hirzebruch surface of degree n and C is a smooth projective curve.
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Proof. The assertion (1) is obvious. For the proof of (2), see [Mab, Theorem 5.1].
(]

We describe briefly the G-actions and orbit structures of G-varieties in Propo-
sition 1.1. Let V;, (n > 1) be the irreducible G-module of complex dimension n,
which is unique up to isomorphisms. V,, may be identified with the vector space of
binary forms of degree n — 1 with the natural G-action.

The G-action on P! is given by identifying P! with the projectivization P(V5)
of Vo. P(V4) is a homogeneous space of G, and we have P(V2) = G/B, where B is
a Borel subgroup of G; B := {(§ aél )ja € C*,be C}.

We have two different G-actions on P%; P? = P(V3) consists of two orbits: a
smooth conic Q = G/B and P? — Q = G/N(T). Here N(T) =T U (% ¢}) T,
where T is the torus; T := {(2 % )la € C*}. P2 = P(V, @ V1) consists of three
orbits: a fixed point P, a line 2 G/B and a 2-dimensional orbit = G/F;, where
F, = {(g gél )|¢™ =1,b € C} for a positive integer n.

P(15) x P(V2) =2 P! x P! consists of two orbits: the diagonal D = G/B and
P! xP'-D=G/T.

As for ¥, (n > 0), we note that Op:(—1) has a natural G-linearization induced
by the inclusion Op:1(—1) C P(V3) x Va, and hence so does Op1(—n) = Op:1(—1)%".
Thus X, has a natural G-action induced by that on Op1 @ Opi(—n). We denote
by 7, : ¥, — P! the natural projection. ¥,, consists of three orbits: Cs = G/B,
Co 2 G/Band X}, =3, —(CxUCy) = G/ F,, where Cw (resp. Cp) is the section of
7, defined by the projection Op1 & Op1(—n) — Opi(—n) (resp. Op1 & Opi(—n) —
OPI).

Finally G acts on C' x P! by the product action, where G acts on C trivially and
on P! via P! =2 P(1%).

Now we prepare a simple lemma which is used in the proofs of Theorem 1.4,
Proposition 4.3 and Lemma 4.4.

Lemma 1.2. For any integer d > 2, there exists a cyclic G-covering gq: >n — Zan
of degree d such that the restriction gq|s: : X;, — X7, coincides with the natural
surjection G/ F, — G/Fnq.

Proof. The natural surjection G/ F,, — G/F,q is a cyclic G-covering of degree d. Let
gd: Xy --» Xpq be the G-rational map induced by ¥/ = G/F,, — G/F,q = X! ,.
Then g4 is an everywhere defined G-morphism and defines the desired G-cyclic
covering. O

1.2.  Let X be a smooth projective G-threefold and m the maximal dimension of
all orbits of X. Suppose m = 2. Then there exist a non-empty G-stable open subset
Xo € X and a closed subgroup H of G of dimension 1 such that, for any point
x € X, the isotropy group G, of z is conjugate to H in G by [Du2, Theorem 3].
We call an orbit isomorphic to G/H a general orbit of X. (For the cases m = 1,3,
see Appendix.) Let H be a 1-dimensional closed subgroup of G = SL(2). Then it
is well-known that H is conjugate to either F,, (n > 1), T or N(T).

Definition 1.3. Let H be a 1-dimensional closed subgroup of G.
(1) We denote by C(H) the set of all G-isomorphism classes of smooth projective
G-threefolds whose general orbit is isomorphic to G/H.
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(2) For X € C(H), a smooth projective curve C is called the invariant curve of
X if the rational function field k(C) of C' is isomorphic to the G-invariant subfield
E(X)C of k(X).

1.3.  We state and prove the G-birational classification of X € C(H), where H
is a 1-dimensional closed subgroup of G. Let C be a smooth projective curve
with the trivial G-action and we denote by S one of the G-surfaces described in
Proposition 1.1 (2). We consider the product G-action on the product variety S x C
and call this the G-trivial fibration over C. We also say that X is G-birationally
trivial if X is G-birational to the G-trivial fibration.

Let f: C' — C” be an étale double covering of smooth curves. C” is isomorphic
to C'/{a), where « is an involution of C’. Let 3 be an involution of P! x P! x C’
defined by B((P,Q,z)) = (Q, P,a(x)), where (P,Q,z) € P! x P! x C’, and set
Vi := (P! x P'-diagonal) x C’/(3). Consider the standard G-action on P! x P! =
P(V2) x P(V2) and the trivial G-action on C’. Then the product G-action on
P! x P! x ¢’ commutes with 3 and hence induces a G-action on V.

Theorem 1.4. Let X be a smooth projective G-threefold with 2-dimensional gen-
eral orbits.

(1) If X € C(F,) or C(N(T)), then X is G-birationally trivial.

(2) If X € C(T), then X is either G-birationally trivial or G-birational to Vy for
some f. Further, Vi is not G-birationally trivial.

Proof. Step 1. By [Du2], there exist a non-empty open G-stable subset V' of X and
a 1-dimensional closed subgroup H of G such that, for any x € V', GG, is conjugate to
H and the quotient p: V — V/G exists. We complete V/G to a smooth projective
curve C' (with the trivial G-action) and denote by 7: X --» C the G-rational map
induced by p. We resolve the indeterminacy locus of 7 by o: X — X which is a
composition of G-blowing-ups so that ¢ := moo is a G-morphism. We may assume
that ¢~ !(z) is connected for any x € C by taking Stein factorization. Then there
exists a non-empty open subset W C C such that, for any x € W, p~1(z) is all
isomorphic to one and only one G-surface F', where F is either (i) X, (n > 1),
P(V; @ Vo) 2 P2, (ii) P(Vh) x P(V1) 2 P! x P!, or (iii) P(V3) = P2.

By [FG], ¢|,-1(w) is analytically locally trivial. Namely, for any x € W, there ex-
ists a complex analytic neighborhood U, in W such that ¢~(U,) = F x U,. Hence
we have a l-parameter family of homomorphisms of Lie algebras p,: Lie(G) —
Lie(Aut®(F))(y € U,), where Lie(G) is the Lie algebra of G. Since L = Lie(G) is
semi-simple, H*(L, p) = {0} for any finite-dimensional representation p of L and
hence there exists a 1-parameter family of inner automorphisms 4, of Lie(Aut’(F))
such that p, = i, o p, for all y € U, (we shrink U, if necessary). See [H, Chap.
D, Sec. 7, 8] for details. Hence we find that ¢ ~!(U,) is G-isomorphic to F x Uy,
where G acts on U, trivially and on F' x U, by the product action.

Consider the contravariant function F: {W-schemes} — {sets} defined by F(Z)
:= the set of all G-equivariant Z-isomorphisms between ¢~ (W) xy Z and F x Z,
where G acts on Z trivially. If Z = Spec(A) is affine, then a G-equivariant Z-
isomorphism between ¢~ 1(W) xw Z and F x Z is described by a finite number
of polynomial equations with coefficients in A. Thus F is of finite presentation
(cf. [A, Corollary (1.6)]). Let O, be the local ring of W at = and we denote
by (51 (resp. (51) the formal completion (resp. the Henzelization) of O,. Since
o (W) Xspeco, Spec(O,) is G-isomorphic to F x Spec(O,) from the argument
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above, F (Spec(@w)) is non-empty. By [A], F(Spec(Oy,)) is also non-empty, and
we conclude that there exists an étale neighborhood s: U — W of z such that
e Y (W) xw Uis G-isomorphic to F' x U. We may assume that s is finite étale by
shrinking W. By taking the Galois closure of s, we find that =1 (W) is G-birational
to the quotient F x U /K, where K is a finite subgroup of the group Aut®(F x 17)
of the G-automorphisms of F' x U.

Step 2. Consider the following exact sequence of groups (we set D := U):

1 — AwtS(F x D) - Awt®(F x D) -2 Aut(D) — 1,

where Aut$(F x D) is the group of D-automorphisms of F' x D which are G-
equivariant. We have a canonical section 7 of 3 defined by (o) := idp x o and
hence Aut®(F x D) = Aut D x Aut%(F x D).

(i) Assume F = X,,. The case F' = P(V; @ V2) is handled in the same way as
the case F' = %;. We first note that Aut$ (2, x D) is the set of all 1-parameter
families of G-automorphisms of ¥,, parametrized by D, and we have

Aut®(%,) = Awt®(G/F,) = N(F,)/F, = B/F, = C*,

where N (F,) is the normalizer of F,, in G. Hence we find that Aut$ (%, x D) =
O(D)*. Let K ¢ Aut®(%, x D) be the finite subgroup such that X is G-birational
to ¥, x D/K and set K’ := B(K),K"” = ker(G|x: K — K’). Since K" is a
finite subgroup of Aut$(%, x D) = O(D)*, K” is isomorphic to a cyclic group
Cy of order d consisting of the d-th roots of unity. By taking a quotient by K"
first, we may replace X, by X4, and assume that §|x: K — K’ is an isomorphism
(cf. Lemma 1.1). Now, we show that K is conjugate to K’ in Aut®(Zg4, x D)
(we identify K’ with v(K’) C Aut®(Z4, x D)), concluding that X is G-birational
to Xgn x D', where D' := D/K'. Let k(D)™ be the multiplicative group of the
rational function field of D and consider the map F: K’ — k(D)* defined by
ceK' & (0,F(0)) € K C Aut(D) x k(D)*. Since

(UvF(U)) : (TvF(T)) = (UT,F(U)TF(T)) = (UTvF(UT))v

we have F(or) = F(o)"F(r) for any o,7 € K’'. Hence F is a l-cocycle €
CH(K',k(D)*) in the sense of Galois cohomology. By Hilbert’s Theorem 90, there
exists g € k(D)* such that F(o) = g - (g1)? for every 0 € K’'. Hence we have
(idp,g) ' K'(idp,g) = K by replacing D by a Zariski-open subset if necessary and
thus X is G-birational to 34, x D’, where D' = D/K’.

(ii) Assume F' = P(V3) x P(V3). Then we have the following exact sequence:

1 — Aut§ (P! x P! x D) — Aut®(P! x P! x D) — Aut(D) — 1.

Since Aut% (P! x P! x D) = N(T)/T ~ Cy, we get Aut® (P! x P! x D) 2 Cy x
Aut(D) (direct product). If K C Aut(D), then X is G-birational to P! x P! x D’
where D' = D/K. If K contains an element (—1,0) € Cy x Aut(D), then we have

1—>K2—>K%Cg—>l,
where po: Aut(D) x Cy — Cs is the projection to the second factor and Ky =
ker(ps). By taking quotient by K> first, we may assume that ps|x: K — Cy is an
isomorphism. Then K = ((—1,0)), where o is an involution of D. Since —1 € Cy
corresponds to the involution (P, Q) — (Q, P) of P! x P!, we find that X is G-
birational to Vy for some f.
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We show that V; is not G-birationally trivial, where f: C' — C” is an étale
morphism of degree 2 and C” = C"/{«). Suppose that V; is G-birationally trivial.
Then V; is G-birational to P(V2) x P(V2) x C” since C" is the invariant curve of
V. Hence Vy is G-isomorphic to the quotient of the fibered product (P! x P! x
C")xcn C" =2 P x P! x C' by an involution ¢ of the form (idp1yp1,a). But § is not
conjugate to the involution 3 (see the construction of V) in Aut®(P! x P x "),
a contradiction.

(iii) Assume F = P(V3). The we have Aut$(P2? x D) = N(T)/N(T) = {1} and
hence X is G-birational to the G-trivial fibration. |

1.4.  We next determine when a given G-action admits a fixed point. The result
is as follows.

Theorem 1.5. If X € C(H) has a fized point, then H=Fy or T.

Proof. Let P € X be a G-fixed point and consider the induced linear representation
of G on the tangent space Tp(X) = C3 at P.
(1) Assume that Tp(X) is G-isomorphic to V3. With respect to a suitable base
of Tp(X), G acts on Tp(X) by
a? ab b? x
gov=|2ac ad+bc 2bd yl,
c? cd d? z

whereg:(gg)EGandv:(§)€C3.

We set Xy, := {(z,y,2) € C3|y? — 42z = k} for k € C. The G-orbits decompo-
sition of Tp(X) = C3 is given as follows:

C® = {(07050)}U(XO_{(OvoaO)})U U X
keC—{0}

We have Xy — {(0,0,0)} =2 G/F; and X, = G/T (k # 0). By Luna’s étale slice
theorem [L], there exist an affine open G-stable neighborhood U of P and an étale G-
morphism v: U — Tp(X). Hence we find that the general orbit of U is isomorphic
to G/T.

(2) Assume that Tp(X) = V1 ® V4. Then the G-orbits decomposition of Tp(X) =
C3 is given as follows:

C? = {z-axis} U ( U Yk> ,
keC
where z-axis is the fixed point locus, Y3 = {(z,y,k) € C3|x,y € C} — {(0,0,0} =
G/F;. Hence we find that the general orbit of X is G/F} by the similar method as
in (1).
(3) Assume that Tp(X) = V,**. Then this contradicts the assumption that the
dimension of the general orbits of X is 2 by the similar method as in (1), (2). O

2. STUDY OF CONTRACTION MAP

In this section, we study the contraction map fr: X — Y of an extremal ray
R on X € C(H), mainly for H = F,,(n > 2), in the sense of [Mo]. We first note
that fr is defined by a complete linear system |mL| (m > 0) for a certain line
bundle L € Pic(X) (cf. [CKM, Lecture 5]), and hence a regular G-action is defined
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on Y such that fr is G-equivariant by [S, Theorem 1.6]. We also note that there
exists an extremal ray on X € C(H) since X is birationally unruled by Theorem 1.4
(actually ruled by [Mat, Th. 1]).

Lemma 2.1. Let R be an extremal ray of X € C(H) and fr: X — 'Y a birational
contraction of R such that the exceptional set E of fr is isomorphic to P1 x P!,
Then

(1) If Pt x P! is G-isomorphic to P(Va) x P(Va), then X € C(T).

(2) If P! x P! is G-isomorphic to P(Vy) x PL., where Pl = P(V?), then
X e C(Fl)

(3) The case where G acts on E =2 P! x P trivially does not occur.

Proof. (1) E =2 P(V2) x P(V2) has a 2-dimensional orbit isomorphic to G/T. Hence
the general orbit G/H deforms to G/T. Then we have H = T by [Dul, 2. Main
results].

(2) Set fr(E) = {P} and let mp be the maximal ideal of the local ring Oy, p.
Then we have mp/m% =2 T'(P! x P!, Op1,p1(1,1)) = Vo Va. We identify Vo with
C? equipped with the standard G-action. Let f; € mp/m% (1 < i < 4) be the
element corresponding to the standard basis of V5 & V5 through this isomorphism.
Then there exist a G-stable affine open neighborhood U of P and F; € T'(U, Oy)
(1 <4 < 4) such that (i) F;(P) = 0 and F; induces f; in mp/m%, (ii) the morphism
F: U — C* defined by ; = F;(Q) (Q € U,1 < i < 4) is a G-equivariant map
to Vo & Vo = C* (cf. [Mu, Lemma (1.2.2)]). Then Im(F) is contained in Q :=
{z124 — w223 = 0} and F: U — Q is generically finite. It is easy to see that the
general orbit of @ is 2-dimensional and isomorphic to G/F;. Hence X € C(F}).

(3) Arguing similarly as in (2), we define a G-equivariant morphism h: U — C*,
where U is a G-stable open affine neighborhood of P and the G-action on C* is
trivial. Since h is generically finite onto Im(h), the G-action on X is also trivial,
contradiction. |

Now we concentrate on C(F,,) (n > 2). We recall that X € C(F,) (n > 2) has
no fixed points by Theorem 1.5.

Proposition 2.2. Let R be an extremal ray of X € C(F,) (n > 2) such that
fr: X =Y is birational. Then'Y is smooth and fr is a G-blowing-up of Y along
a curve C C'Y isomorphic to Pt = P(Vs).

Proof. Assume that Y has a singular point P and set E = f5'(P). We have three
cases by [Mo, Theorem (3.3)].

(i) Suppose that E = P2, Then E is G-isomorphic to P(V3) since X is fixed
point free. P? 2 P(V3) has an open dense orbit isomorphic to G/N(T). By the
deformation theory [Dul], we conclude X € C(T") or C(N(T)), contradiction. Hence
this case does not occur.

(ii) Suppose that E = P! x P!. Since X has no fixed points, F is G-isomorphic
to either P(V3) x P(Vz) or P(V2) x PL.. Then we have X € C(T) or X € C(Fy) by
Lemma 2.1, contradiction.

(iii) Suppose that E is isomorphic to the singular quadric cone in P3. Since the
singular point of E is a fixed point of X, we get a contradiction.

Hence we conclude that Y is smooth. Since Y has no fixed points, fgr is a
blowing-up of Y along a smooth irreducible curve C. We note that C' is a closed
1-dimensional G-orbit and hence G-isomorphic to P! 2 P(13). |
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Remark. In the case of X € C(N(T')), X may obtain a singular point by a birational
contraction. Indeed, set X = Wy = P(Op2 & Op2(—2)) (see Subsection 3.4 for the
notations). Then any line [ in the infinite section S,, = P? is an extremal rational
curve. Let R = R.[l] be the extremal ray spanned by I. Then fr: Wo — Y is the
blowing-down of S, and Y is isomorphic to the Veronese cone in P(Vs & V;) = P,
See the remark after Proposition 2.7 for more details.

Proposition 2.3. Let R be an extremal ray of X € C(F,) (n > 2) such that
fr: X =Y is a conic bundle. Then the following assertions hold.

(1) Y is G-isomorphic to either X,,(nlm) or C x P(Va), where G acts on C
trivially.

(2) Every fiber of fr is smooth (and hence isomorphic to P1).

Proof. (1) By [Mo], Y is a smooth projective surface with a non-trivial G-action.
Hence Y is G-isomorphic to one of G-surfaces in Proposition 1.1 (2). Now P(V3)
(P(Va & V1), P(Va) x P(V2) resp.) has a 2-dimensional orbit of the form G/N(T)
(G/Fy1,G/T resp.), and hence Y cannot be these three G-surfaces since G/ F,, (n >
2) does not map onto G/H, where H =T, N(T), F;.

(2) This follows from [U4, Lemma (1.13)]. O

Proposition 2.4. Let X € C(F,) (n > 2) and R an extremal ray of X. Suppose
that fr: X — Y is a del Pezzo fiber space over a smooth projective curve Y. Then
Y = P(V,) and fr is a P%-bundle over P(V3).

For the proof of this proposition, we need a lemma. Let B = {(8 a91)|a €

C*,b € C} be the Borel subgroup of G. We have an isomorphism B 2 C* x C,
where C* acts on C by A% = a724, (a, A) € C* x C. Consider the semi-direct
product By := C* x5 C, where C* acts on C by A% = a=%A, (a,4) € C* x C.
Then By is a double covering of B via the map Bs 3 (a, A) — (a?, A) € B.

Lemma 2.5. (1) Let ¢: By — SL(2) be an algebraic homomorphism. Then ¢ is
one of the following up to conjugation:

(i) pla, A) = (4.

(i) p(a,4) = (% %) (m=0,1,2,...).

(2) Suppose that B acts on P! x Pl in such a way that the general orbit is
1-dimensional. Then this B-action is induced by one of the following ¢: Bs —
SL(2) x SL(2) defined by
(1) e(a, 4) = (4 <), (§9)).

(i) ¥a, A) = ((§9). (4 «°4)).

(iif) (a, A) = ((% %), (% %)) (myn=0,1,2,...,(m,n) # (0,0)).

up to conjugation.

Proof. (1) We may assume Im ¢ C B and ¢: C* x3 C — C* x C. Set ¢1 = ¢|cx
and @3 = ¢|c. Then we may assume ¢1(a) = (a™,0) and p2(A) = (1,kA) for
some k € C. Hence ¢(a, A) must be of the form ¢;(a)p2(A) = (a™,kA). Since
o((a, A)(b, B)) = (a™b™, k(b~*A+B)) and ¢(a, A)p(b, B) = (a™b™, kb= 2™ A+kB),
we have kAb=2™ = kAb~*, concluding k = 0 or m = 2. We note that, if k& # 0,
then we may assume k = 1 up to conjugation.

(2) This follows immediately from (1). O

Proof of Proposition 2.4. We first note that G acts on Y non-trivially. Indeed,
assume that G acts on Y trivially. Then the general fiber of f := fr is a smooth
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del Pezzo surface which is G-stable. This is absurd since 3, (n > 2) is not a del
Pezzo surface. Hence G acts on Y non-trivially and we conclude that Y = P(V4).
Since P(V2) = G/B is G-homogeneous, every fiber of f is a smooth del Pezzo
surface, which is either a blowing-up of P? at r points (1 < r < 8), P! x P! or
P2. Now, fix a point P = (1,0) € P! of which the isotropy group is B. Then
the fiber f~1(P) is a B-surface and we claim that f~!(P) = P?. Indeed, assume
that f~1(P) is a blowing-up of P? with center {Py,..., P} (1 < r < 8). Let
E C f7Y(P) be an exceptional curve over some P; and | C f~*(P) the proper
transform of a line in P? which does not go through {Py,..., P.}. Then E is B-
stable and we set D = Go E := {gox|g € G,z € E}, which is an irreducible divisor
in X. Then (D,E) = (D,D, f~Y(P)) = (E,E)s-1(py = —1 and (D, 1) = 0, where
(-,-) (resp. (-,-)f-1(p)) is the intersection paring on X (resp. f~'(P)). This is a
contradiction since E = zl for some z > 0 (= stands for the numerical equivalence)
by the definition of contraction maps.

Next, assume that f~!(P) =2 P! x P!. Then, the B-action on P! x P! is induced
by one of ¢’s in Lemma 2.5 (2) since the general orbit of X is 2-dimensional. Set
I1 ={(1,0)} x P! and Iy = P! x {(1,0)}. Then [; (i = 1,2) is a B-stable line and
we set D1 = G ol. We have (D1,l2) = 1 and (D1,1;) = 0, a contradiction. Thus
we conclude f~1(P) = P? and f: X — P! is a P2-bundle. O

Now we define a relatively minimal model in C(H) (minimal in a geometric
sense).

Definition 2.6. We say that X € C(H) is relatively minimal (or a relatively min-
imal model) if any G-birational morphism f: X — Y from X to Y € C(H) is an
isomorphism (note that we are assuming Y is smooth).

In the case H = F,, (n > 2) or N(T'), we may say that X € C(H) is relatively
minimal if X cannot be blown-down to some Y € C(H). This follows from the
following proposition.

Proposition 2.7. Let X,Y € C(H), where H = F,, (n >2) or N(T), and f: X —
Y a G-birational morphism. Then f is a composition of finitely many blowing-ups
along a closed 1-dimensional orbit isomorphic to P(V2).

Proof. If f is not an isomorphism, then there exists an extremal ray R on X such
that f factors through fr: X — Z by [Mo, Corollary (3.41)]. Since Y is fixed point
free (Theorem 1.5), Z is also fixed point free. Therefore Z is smooth and fg is a
G-equivariant blowing-up along a closed orbit 2 P(V4). Repeating this process, we
get the conclusion. O

Remark. We have another way of defining relative minimality which is stronger than
that in Definition 2.6, following the general theory of minimal models of projective
threefolds (cf. [CKM, Lectures 1-16]). Namely, we say (provisionally) that X €
C(H) is relatively minimal in Mori’s sense if, for any extremal ray R of X, fr is
not birational. (In this case, it would be natural to work in the wider category of
projective threefolds with only Q-factorial terminal singularities.) Our justification
for Definition 2.6 is as follows.

In the case of C(F},) (n > 2), our definition of relative minimality coincides with
that in Mori’s sense by Proposition 2.2. In the case of C(N(T)), we observe the
following fact:
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Let X € C(N(T)) and suppose fr: X — Y is a birational contraction. Then the
following assertions hold;

(1) The contraction fg is either a blowing-up of smooth Y along a closed 1-
dimensional orbit (type (a)), or a collapse of E = P2 with Og(FE) = Op2(—2) to a
singular point of Y (type (b)). Both types actually occur.

(2) If R is an extremal ray such that fr is a birational contraction of type (b),
then there exists another extremal ray R’ such that fgs is a birational contraction
of type (a), except in the case of X = W5 := P(Op2 @ Op2(—2)).

This follows from Theorem 1.5, Lemma 2.1, and Theorem 4.2 in Section 4. Thus
our definition coincides with that in Mori’s sense except in the case X = Ws.

3. CONSTRUCTION OF MINIMAL MODELS

In this section, we construct several types of examples of relatively minimal mod-
els and also discuss some properties of them, expecially elementary transformations.

3.1. X,(a,b) € C(Fy), where d = gcd(b,n). Let m,: ¥,, — P! be the Hirzebruch
surface of degree n as usual. Consider a vector bundle E, (a,b) on %, defined by
En(a,b) := (Og, (a)@7:(Op1(h)))®Os,, where Oy, (a) = Ox, (1)%% and Ox,, (1) is
the tautological line bundle on ¥,, = P(Op1 & Op1(—n)). Since a natural G-bundle
structure on E,(a,b) is induced from the G-action on ¥, the induced P!-bundle
Pn: Xn(a,b) :=P(E,(a,b)) — 3, is a smooth projective G-threefold.

We set Do := p,;(Cs) and Dy := p;1(Cy). Further, let Sy (resp. Sa) C
Xn(a,b) be the section of p, defined by the projection E,(a,b) — Ox, (a) ®
7, (Op1(b)) (resp. En(a,b) — Ox,).

Lemma 3.1. (1) S; is a G-equivariant section of p, and isomorphic to ¥,,. Do =
E|b—na| and Dy = Ew.

(2) For any x € Xy(a,b) — (Doo U Do U S1U Ss), the orbit O(x) through x is
isomorphic to G/Fy, where d := ged(b,n). In particular, X, (a,b) € C(Fy).

Proof. (1) The first assertion is clear. The second assertion follows by restrict-
ing E,(a,b) to Cy and C since Og, (1) = Ox, (C), Ox, (Co) = Os, (Coo) ®
75 (Opi(n)) and C% = —n.

(2) Take points P = (1,0) € P! and Q = (z,y) € n,'(P) 2 P! C &, Q #
(1,0), (0,1). Then g = (7 #) € B = Gp acts on the fiber « ((’)p1( ))o = C
by multiplication by a~!. On the other hand, Gop = {h = (0 Jilat =
acts on the fiber Oyx,, (—1)g = C trivially. Thus h acts on the fiber E, (a,b)q
C? by multiplication by (e ~"0). Hence for any point P’ € P(E,(a,b))qg, P’

1}

9 #
(1,0),(0,1), we have Gpr = {g € Bla"™ = a® = 1} = F,, where d = ged(n,b). O
Now set B;; := D; NS; (i = 0,00, = 1,2) and consider the elementary trans-
formation elmp,; of X, (a,b) with center B;;, which is defined as the composition

of the blowing-up along center B;; and the blowing-down of the proper transform
of Dl

Lemma 3.2. (1) e
(2) elmBoz (Xn(av ))
(3) elmp__, (X, (a,b))
(4) elmp_, (X, (a,b)
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Proof. We show (1) and the other assertions can be checked similarly. Let E be
the exceptional divisor of the blowing-up with center By;. We denote by E (resp.
Do, S;) the proper transform of E (resp. Da, S;) in elmp,, (X, (a,b)). Then S
and Sy are disjoint G-equivariant sections of the P'-bundle elmp,, (X, (a, b)) — %,
and hence elmpg,, (X, (a,b)) is the projectivization of a direct sum of two G-line
bundles. Thus we may assume that elmp,, (X, (a,b)) is isomorphic to X,,(c,d) for
some c,d € Z.

Now we have Do & Ejp_yq(, S; = 5, clearly, and E = ¥|,_,, by Lemma 3.3
(1) below. If we set Iy = EN Sy, lo = S1 N Dy, then (l1,l1)F = b —n and
(l2,12)5_ = b —na by Lemma 3.3 (2). Hence we have (c,d) = (a —1,b—mn) or
(1 —a,n—"0). Since X,,(¢,d) = X,,(—¢, —d), we get the conclusion. O

The following lemma is well-known and we omit the proof (cf. [U4, Lemma
(8.5.4)]).

Lemma 3.3. Let X be a smooth projective threefold and S1,S2 C X connected
smooth surfaces intersecting transversally along a smooth connected curve C' iso-
morphic to P1. Suppose (C,C)s, = a; (i = 1,2), where (-,-)s, is the intersection
form on S;. Then the following assertions hold:

(1) Nx(C) 2 Opi(a1)®Opi(az), where Nx(C) is the normal bundle of C in X.
In particular, if we blow-up X along C, then the exceptional divisor E is isomorphic
to P(Opl (—&1) D Opl (_aQ)) = E\a1—az|'

(2) Let X be the blowing-up of X along C,S; the proper transform of S; in X.
Set l; = S; N E. Then we have (I1,11)g = as — a1 and (lz,l2)p = a1 — as.

3.2. Y(L,n) € C(F,). Let C be asmooth projective curve with the trivial G-action
and L a line bundle on C' with the trivial G-linearization. Consider C' x P(V3)
C x P! with the product G-action and let p1: C x Pt — C (resp. p2: C x P! — P1)
be the projection to the first (resp. second) factor. For a positive integer n, we set
Y(L,n) := P(p;(L) ® p3(Op1(—n)) ® Ocxpr). Let r: Y(L,n) — C x P! be the
projection and set 1 = py or. Then, for any x € C, we have 7"1_1(;10) =~ ¥, and
hence Y (L,n) € C(F,). We denote by Sy (resp. Sp) the G-section of r defined
by the projection p;(L) @ p3(Op1 (—n)) & Ocrpr — pi(L) & p§(Opi(—n)) (resp.
p1(L) ® p3(Op1(—n)) ® Ocxpr — Ocxp1).

We consider the elementary transformation elmg, (resp. elmg_ ) of Y(L,n) with
center sg := So N7y () (resp. S := Soo N7y (), which is defined as the com-
position of the blowing-up of sy (resp. s ) and the blowing-down of the proper
transform of r;*(z). The following lemma is checked by a similar method as in
Lemma 3.2.

Lemma 3.4. The P'-bundle elm,, (Y (L,n)) is isomorphic to Y (L',n) for some
L' € Pic(C). The same assertion holds for elm,_ (Y (L, n)).

3.3. Z(m,n) € C(Fy), where d = ged(m,n). For given two integers m,n with
(m,n) # (0,0), set E(m,n) := Op:r & Opi1(m) & Op:1(n), which is a G-vector
bundle over P(V3) = P'. We projectivize E(m,n) to get a P%-bundle Z(m,n) :=
P(E(m,n)) with the induced G-action. We denote by 7., n: Z(m,n) — P! the
projection.

Lemma 3.5. Z(m,n) € C(Fy), where d = ged(m,n).
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Proof. Take a point P = (1,0) € P'. g = (¢ °,) € Gp = B acts on the fiber

0a?!
E(m,n)p = C? by multiplication by
1 0 0
0 a ™ 0
0 0 a "

Hence for a general point Q@ € P(E(m,n))p = P2, we have Gg = {(¢ ,)|a™ =

0at

a™ =1} = F,4, where d = ged(m, n). |
3.4, Wa,, € C(N(T)) (m > 0). We consider P(V3) = P? and set
Wom := P(Opz @ Op2(—2m)) for m > 0.
We denote by pa,, the projection Wa,, — P2.
Lemma 3.6. W, € C(N(T)).
Proof. The G-action on P? = P(Vj3) is given by a: SL(2) — PGL(3) defined by

o b a? 2ab b?
a((c d)): ac ad+bc bd
c? 2cd d?

P? consists of two orbits: C = {27 — 4zpz2 = 0} = G/B and P2 — C
~ G/N(T). Take a point P = (0,1,0) € P2 — C. Then Gp = N(T) acts on
the fiber Op2(—1)p = C by multiplication by ad 4+ bc = =+1 since Opz(—1)
is the universal subbundle C P? x C3. Hence Gp = N(T) acts on the fiber

(Op2 @ Op2(—2m))p = C? trivially. Thus we conclude that any orbit through
a point € P (Op:z & Op2(—2))p is isomorphic to G/N(T') and Wa,,, € C(N(T)). O

Let Soo (resp. Sp) be the section of pa,,: Wa,, — P2 corresponding to the
projection Op2 & Op2(—2m) — Op2(—2m) (resp. Opz & Opz(—2m) — Op:z) and
D, = pg,i(C) > Yam. We consider the elementary transformation with center
Soo i= Soo N D, and sg := Sp N D,,. Namely, we blow-up Wa, along so (resp. so)
and blow-down the proper transform of D, to get elm,_ (Wa,,) (resp. elmg, (Way,)),
which is a P!-bundle over P2. In the m = 0 case, we consider elm (W), where s is
any G-equivariant section of D,, — C. The proof of the following lemma is similar
to that of Lemma 3.2.

Lemma 3.7. (1) elm,,(Way,) = Wy(p,—1) (m > 0).
(2) elmsm (ng) = W2(m+1)'

3.5.  We note that X,,(a,b) may be non relatively minimal or may have two dif-
ferent P'-bundle structures. In order to clarify this point, we calculate the closed
cone NE(X) of effective curves on X = X,,(a, b) following [Mo, Chapter 1].

In the following lemma, we can assume a < 0 since X, (a,b) = X, (—a, —b). We
also assume n > 2. Set I; = S; N Dy, (i =1,2), I3 C 51 2 X, a fiber of this ruled
surface and Iy a fiber of p = p,: X = X,,(a,b) — X,,.

Lemma 3.8. (1) If b —na < 0, then NE(X) = Ry[l1] + Ry[l3] + Ry[ly]. If
b—mna >0, then NE(X) = Ry[la] + Ry[l3] + Ry [ly].

(2) Let Kx be the canonical bundle of X. Then we have (Kx,l1) = na—b+n—2
in the case b —na < 0, (Kx,la) = b—na+mn —2 in the case b —na > 0 and
(Kx,l3) = —a — 2. In particular, Ry [l3] is an extremal ray (i.e., (Kx,l3) < 0) if
and only if a =0,—1. Ry[l1] and Ry[l2] are not extremal rays.
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(3) If a = 0, then the contraction map fr of = R [l3] gives another Pl-bundle
structure X = X,(0,0) — Xy to X. If a = —1, then fr is the blowing-down
of S1 = %, in the fiber direction and gives X — Z(b,—n) if b < 0 and X —
Z(~b,~b—n) if b > 0.

(4) X,.(a,b) (n > 2) is not relatively minimal in the sense of Definition 2.6 if
and only if a = —1.

Proof. (1) Suppose b—na < 0. Let C' C X be an irreducible curve. If C' C S7, then
C =aly + Bl (a, 8 > 0) in Sy, since {7 is the negative section in S; = ¥,,. Hence
C = aly + pl3 also in X.

If C ¢ Sy, then p.(C) = ap.(l1) + Bp«(l3) for some a, 8 > 0 since p.(l3) is a
fiber and p.(l1) is the negative section in X,,. Set v = (S1,C) > 0. Then we claim
that C = aly + Bl3 + 6ly, where § = v — Ba + a(na — b) > 0. Indeed, we have
Pic(X) = ZOx(S1) @ p*(Pic(X,,)). For any L € Pic(X,), we have (C,p*(L)) =
(p+(C), L) = (ap.(l) + Bps(l3),L) = (aly + Bl + 8la, p*(L)) and (ady + Bl +
514, Sl) = 04(11,81) + 5(13,81) + 6([4, Sl) = Oé(b — na) + ﬂa, + 6 = ¥ = (O, Sl)
Hence in any case, we have C' = al; + fl3 + 6l4 for some o, 3,6 > 0 so that
NE(X) =Ry[l1] + Ry [l3] + Ry [ls]. The b — na > 0 case is similarly checked.

(2) Set D = p_l(p*(lg)) = E_a. Then (Kx,lg) = (leD,lg,)D, where KXlD is
the restriction of the canonical bundle Kx to D. By adjunction formula, we have
(Kx|D,lg)D = (KD — D|D,l3)D = (KD,lg)D = (—213 — (2 — CL)Z4,Z3)D = —a—2
since (I3,13)p = a and (l4,13)p = 1.

Suppose b — na < 0. We have (Kx,l1) = (Kx|p..,l1)p., = (Kp_,l1)p., —
(DOO|Doo7ll)Doo' Now (KDoo7ll)Doo = (—211—(na—b+2)l4,ll)Dw = (—2)(b—na)—
(na—b+2). On the other hand, (D |p.,,11)p.. = (Do, Do, S1) = (l1,11)s, = —n.
Hence we conclude (Kx,l1) =na—b—2+n.

We have (Kx,l2) = b—na+n—2 by a similar computation. The second assertion
is easily checked.

(3) Assume a = 0. Then

Xn(0,0) = P(7,(Op1(b)) ® Ox,,) = P(m,(Op1 (b) ® Op1))
>y, xp1 P(Op1(b) 8 Op1) =%, Xp1 E|b‘.

By taking the second projection pry: X,(0,b) = ¥, xp1 X — X, we get
Xn(0,b) = X3 (0, —n). I3 is a fiber of pr, and hence fr coincides with pr,.

Assume a = —1. Set L := Ox(1) ® p*(Osx, (1)) € Pic(X), where Ox(1) =
Ox(S1). Then it is easy to see that the natural map (m, o p)*(m, op)«(L) — L is
surjective and (7, o p)«L = Op1 @ Op1(b) ® Op1(—n). Hence we have an induced
morphism F: X — P((m, op)«L) =2 Z(b,—n) if b < 0, Z(=b,—b—n) if b > 0.
Now, the restriction of F' to D = p~!p,(l3) = ¥; coincides with the blowing-down
¥, — P2 of the negative section, and hence F' is the blowing-down of S; = ¥, in
the fiber direction. Thus fr coincides with F'.

(4) follows from (3). O

Remark. According to Theorem 1.4, X, (a,b) is G-birational to X4(0,0) = X4 x
P!, where d = gcd(n,b). Using two different P-fibrations ¥, « X,(0,b) =
Xp)(0,n) — Xjp|, we can transform X, (a,b) to X4(0,0) by elementary transforma-
tions as follows:

We start from X,,(a,b), assuming b > 0 for simplicity.
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(i) If b < n, then go to step (ii). If b > n, then b = ng+b’, where 0 < b’ < n. We
use the elementary transformations of type (1) and (2) in Lemma 3.2 to transform
X, (a,b) to X, (a’,b"), where b < n.

(ii) Then we perform the elementary transformations of type (3) and (4) to get
X,(0,b") with ¥ < n. Now we exchange the two fibrations to get Xy (0,n).

(iii) We go to step (i) and continue.

(iv) By the Euclidean division algorithm, we eventually get X4(0,0).

As for the extremal rays on Y (L, n), Z(m,n) and Wa,,, we have the following
three lemmas. Since the proofs of these lemmas are similar to that of Lemma 3.8,
we omit them.

Lemma 3.9. Let Y =Y (L,n) and assumen > 2. Set D = (paor)~1(y) (y € P1),
loo = DN Ss, lg = DN Sy, I1 = 7"1_1(;10)05’00 (x € C) and la = a fiber of
r:Y — C x Pl. Then the following assertions hold:

(1) NB(Y) = Rylloo] + Refli] + Rylls] if d = deg(L) < 0 and NE(Y) =
Riflo] + Ri[li] + Ry[lo] if d > 0.

(2) Let g be the genus of the curve C. Then we have (Ky,ly) = 29 — 2 — d,
(Ky,lp) =29—2+d and (Ky,l1) = n—2. In particular, R [l1] is not an extremal
ray. Ri[loo] is an extremal ray if and only if g = 0 and d = 0, —1 in the case
d <0, and Ry[ly] is an extremal ray if and only if g = 0 and d = 1 in the case
d>0.

(3) Suppose C = P! and d = 0, i.e., L = Op1. Then fr, where R = R [ls],
gives another P-bundle structure Y =Y (Op1,n) — %,,. This P'-bundle structure
coincides with Y = X,,(0,0) — ¥,. Suppose C = P! and L = Opi(—1). Then
fr is the blowing-down of Ss and gives Y — Z(0,—n). Suppose C = P! and
L = Opi(1). Then fr, where R' = R4[lg], is the blowing-down of Sy and gives
Y — Z(—n,—n).

(4) Y(L,n) is not relatively minimal if and only if C is rational and L =
Op1(£1).

Lemma 3.10. Let Z = Z(m,n) with 0 > m > n, (m,n) # (0,0), d = ged(m,n) >
2. Denote by S1 (resp. S2) C Z = Z(m,n) the closed 2-dimensional G-stable
subset defined by the projection E(m,n) — Opi(m) ® Opi(n) (resp. E(m,n) —
Op1 @ Op1(n)). Setly = S1 NSy and Iy = a line in .}, (x) = P? (x € P'). Then
the following assertions hold:

(1) NE(Z) = Ry[lh] + R [lo].

(2) (Kz,l1) = —4n+ 3m — 2. In particular, R4 [l1] is not an extremal ray.

(3) Z(m,n) is relatively minimal.

Lemma 3.11. Let W = Wa,, (m > 0). Denote by Iy a line in Soo = P? and by lo
a fiber of pam. Then the following assertions hold:

(1) NE(W) =Ry [l1] + Ry [lo].

(2) (Kw,l1) = 2m—3. In particular, R := Ri[l1] is an extremal ray if and only
ifm=0,1.

(3) If m = 0, then fr is the second projection Wy = P(V3)x P! — PL. Ifm =1,
then fr: Wa — Y is a birational contraction collapsing Seo, and Y is isomorphic
to the Veronese cone in P(Vs © Vi) = P>,

(4) Way, is relatively minimal.
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4. CLASSIFICATION OF RELATIVELY MINIMAL MODELS

In this section, we determine the structures of the relatively minimal models in
C(H), where H = F,, (n > 2) or N(T'). The results are summarized in the following
two theorems:

Theorem 4.1. Let X € C(F,,) (n > 2) be a relatively minimal model. Then X is
isomorphic to one of the following:

(1) Xna(a,nd) (a <0,a # —1, ged(d,b) = 1).

(2) Y(L,n) (L € Pic(C), C: non-rational, or C = P! and L % Op:1(+£1)).

(3) Z(ns,nt) (0> s >t,(s,t)#(0,0), ged(s,t) =1).

Theorem 4.2. Let X € C(N(T)) be a relatively minimal model and C the invari-
ant curve of X.

(1) If C is rational, then X = Wa,, for some m > 0.

(2) If C is non-rational, then X 2 P(V3) x C.

Remark. In Theorem 4.1, some relatively minimal models appear under different
symbols. They are X,,(0,b) = X, (0, —b) = X|;(0,n) and Y (Op1,n) = X,,(0,0).

Proof of Theorem 4.1. Let X € C(F,) (n > 2) be a relatively minimal model.
Then there exists an extremal ray R on X and, since X is relatively minimal, the
contraction map fg is of fiber type by Proposition 2.2. Then our conclusion follows
from Propositions 4.3, 4.5, 4.6 and 4.9 below. O

Proposition 4.3. Let X € C(F,) (n > 2) and R an extremal ray of X such that
f=/fr: X — X4 is a G-conic bundle (d > 1) (c¢f. Proposition 2.3). Then X is
G-isomorphic to Xpd(a,nb) for some a,b € Z such that ged(d,b) = 1.

Proof. We discuss the d = 1 case and the d > 2 case separately.

(1) Suppose d = 1. We first note that every orbit O(x) contained in f~1(%)
is isomorphic to G/F,,. Indeed, O(x) is isomorphic to G/Fy for some N|n since
f(O(z)) =%, = G/F,. A general orbit G/F,, of X deforms to G/Fx and hence n =
N by [Dul]. We claim f~1(X!) =2 X! x P!, where G acts on P! trivially and on ¥/, x
P! by the product action. Indeed, fix a point 3o € ¥/,. Then the correspondence
7)) 22— (f(2),0(x) N f~Y(yo)) € X!, x P! is a G-isomorphism. Hence
we find that X is G-birational to ,, x P! over ¥,,. Let ®: X --» ¥, x P! be a
G-birational map over ¥,. We eliminate the indeterminacy locus of ® as follows:

XN f—— YN
UNJV TNJ
Xn-1 Xn_1

X Yi

Ull Tll
@
X ————=3%,xPL
In the above diagram, ® = 7 oo™, where 0 = 01 0030---00yN (resp. T =
Tmomo---o07n), 0;: X; — X;—1 (vesp. 7;: Y; — Yj_1) is a G-blowing-up along
a smooth irreducible curve B;_1 C X;_1 (resp. B;_l C Y;_1) isomorphic to P(V%)
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(XQ = X,XN = YN,YQ = En X Pl) Let EN = U;,l(BN_l) C XN be the
exceptional divisor of ox. Then Ey is G-isomorphic to either PL x P(V3) or ¥;
(I > 1) by deformation theory [Dul], where Pl = P(V;*?). We note that Ey is
the proper transform of one of the following in Xy = Yy

(i) the exceptional divisor Tj_l(B;-_l) cYj,

(ii) Do = p; (Co), Do = p; ' (Cx) C Yy = B, x P, where p;: ¥, x P! —
3, is the projection, since Eyn lies over Cy or Crs C X,. Consider the image
7(Ex) C ¥, x PL. Assume that dim7(Eyxy) = 1. Then 7(Ey) is a section of
g0 = p1lp,: Do — Co or oo = pilp.: Do — Coo, and 7|py: En — T(EN)
coincides with PL, x P(V) — P(V3) or ¥; = P!, Hence oy is unnecessary and we
can reduce N by 1.

Assume that dim 7(Ex) = 2. Then 7(EN) = Dy or De, which implies that Ey
is the proper transform of Dy or D,,. We note that 7 factors through the blowing-
up of Yy along s, where s is a G-section of gy or ¢o. Indeed, we have (Ey,l;) = —1
and (Do, l2) = (Do, loc) = 0, where [; is a fiber of on|g, and Iy (resp. lo) is the
fiber of gy (resp. goo). Hence there exists an i (1 < ¢ < N) such that 7; is the
blowing-up with center s.

Now we perform the elementary transformation elms. Then elmg o7 is a mor-
phism and it collapses I; to a point. Hence oy is unnecessary and we can reduce
N by 1 by replacing Y = %,, x P! by X,,(£1,0) or X,,(£1,4n) (cf. Lemma 3.2).
Repeating this process, we find that ® is a composition of finitely many elementary
transformations and a G-isomorphism over 3,,. Hence we conclude X = X, (a, nb)
(a,b € Z).

(2) Suppose d > 2. Let gq4: X, — X4 be the cyclic covering of degree d defined
in Lemma 1.1 and form a fibered product X := %, x5, X. Then a general orbit
of X is G-isomorphic to G/F,. Let f: X — ¥, be the projection to the first
factor. Then we have ?_1(22) =¥/ x P! asin the d = 1 case. Hence we find that
f7H(2!,) is G-isomorphic to one of the Z/(d)-quotient Y of ¥/, x P! in Lemma 4.4
below. Thus X is G-birational to X,,4(0,mb) over ¥,4, where 1 < b < d/2 with
ged(b,d) = 1 by Lemma 4.4 (2). Then we find that X can be obtained from
X14(0,mb) by elementary transformations in the same way as in (1) above. Hence
X is G-isomorphic to X,,4(a,nb) for some a,b € Z with ged(d,b) = 1. O

Lemma 4.4. Let X := Y/, x P! be the G-trivial fibration. Suppose that the cyclic
group Z/(d) (d > 2) acts on X G-equivariantly in such a way that the quotient map
g4 X =Y is compatible with gq: X, — X, given in Lemma 1.1. Letp): Y — X/

be the G-morphism induced by the projection p1: X — X' . Further, assume that
the general orbit of Y is isomorphic to G/ F,.

X=3% xPl 2,y

N

/ 94 ’
En End

Then the following assertions hold:

(1) If d > 2, then the number of different G-isomorphism classes of such Y’s
over X, is p(d)/2, where p(d) is the number of integers e (1 < e < d) such that
ged(e,d) = 1. If d = 2, then there exists a unique Y over X! ,.
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(2) Suppose d > 2. Let b; (1 <i < ¢(d)/2) be an integer such that ged(d,b;) =1
and 1 = by < by < ... <by@aye < d/2. Then png: Xpa(0,nb;) — Epg (1 < i <
©(d)/2) giwes all the Y’s over X! ,. If d = 2, then pon: X2,(0,n) — Yy2 is the
unique Y over X, .

Proof. (1) We first note Aut® (X!, x P1) 2 Aut® (X)) x Aut(P') = C* x PSL(2).
We deal with the d > 2 case. The d = 2 case is similarly dealt with. Since the
general orbit of Y is isomorphic to G/ F,,, we may assume that the Z/(d)-action on
X is given by a subgroup H, = (((4,n5)) C C* x PSL(2), where (g := e2mV=1/d

Ng = <<0d <§1> € PSL(2)

if d is odd and
Goa O )
= _1 | € PSL(2
Nd < 0 Cle ( )

if d is even, up to conjugation in Aut®(X/ x P'). Here a belongs to I = {1 <
a < d/2|ged(d, ) = 1}. We note that the diagram in the statement is a fibered
product, and H, and Hy (o,0/ € I, # ') are not conjugate in C* x PSL(2).
It follows that X/H, (a € I) gives the ¢(d)/2 Y’s over X/ .

(2) We consider the d > 2 case only since the d = 2 case is similarly treated. For
given integers a, b, d,n with d,n > 0, ged(d,b) = 1, we construct a natural cyclic
G-covering pg: Xp(da,nb) — Xp4(a,nd) of degree d as follows: Let gq: X, — Zpg
be the cyclic covering of degree d given in Lemma 1.1. Since g¢}(Enq(a,nb)) =
E,(da,nb) (see Subsection 3.1 for the notations), we define pq as

Xn(da,ndb) = P(E,(da,nb)) = P(E,q4(a,nb)) xx,, Xn

pa |7

Xna(a,nb) = P(E,q(a,nb)).

In particular, we have the following diagram setting a = 0, b = b;:

X (0, nb;) —255 X,0q(0, mb;)

9d
Yip ————— Yd

Now, we have p,;}(X/) = %/ x P! and hence p, ; (3 ) is isomorphic to one of
the Y’s over 3/, in (1).

Assume that X,4(0,nb;) is G-isomorphic to X,,4(0,nb;) over 3/ ;. and let ® :
Xna(0,nb;) — X,4(0,nb;) be a G-birational map over ¥,4. Then by the same
argument as in Proposition 4.3 (1), we find that ® is a composition of finitely
many elementary transformations and a G-isomorphism over ¥,,4. Hence we have
+nb; = nb; (mod nd) by Lemma 3.2, noting that X,4(0,nb;) = X,,4(0, —nb;). Since
1 < b;,b; < d/2, we conclude b; = b;. O

Proposition 4.5. Let X € C(F,) (n > 2) and R an extremal ray of X such that
fr: X — C x P! is a conic bundle. Then X is G-isomorphic to Y (L,n) for some
L € Pic(C).
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Proof. We first recall that fr is smooth and every fiber is isomorphic to P! by
Proposition 2.3.

We note that the invariant curve of X is C. Indeed, let C’ be the invariant curve
of X. Since k(C) C k(C"), k(C") is a finite field extension of k(C). On the other
hand, k(C) is algebraically closed in k(X) and hence k(C’) = k(C).

Set ¢ = pryofr: X — O, where pr;: C x P! — (' is the projection to the
first factor, and let p: X --» ¥,, x C be a G-birational map. Then p induces an
isomorphism h: C'— C such that the following diagram commutes:

X——2>3Y,xC
¥ Przl
c—>L e

Then the same argument as in the proof of Proposition 4.3 (1) shows that p is
a composition of finitely many elementary transformations and a G-isomorphism
over C. Thus we conclude that X is isomorphic to Y (L, n) for some L € Pic(C) by
Lemma 3.4. O

Proposition 4.6. Let X € C(Fy) (d > 2) and R an extremal ray of X. Suppose
that fr: X — Y is a del Pezzo fiber space over a smooth projective curve Y. Then
X is isomorphic to Z(a,b), where a,b € Z, d = ged(a, b).

Proof. By Proposition 2.4, we know Y = P(V3) and fr is a P2-bundle over Y.
Then by Lemma 4.7 below, there exists a G-bundle M on Y of rank 3 such that X
is G-isomorphic to P(M). Take a point P = (1,0) € P(V2). Then Gp = B, and
let a: B — GL(3, C) be the algebraic homomorphism which induces the B-action
on the fiber Mp = C3. By Lemma 4.8 (2) below, we find that « is conjugate to
®(a,b) of type (f) in Lemma 4.8 (2). Since the G-bundle M is determined by the
B-action on Mp (cf. [K, 6.3]), we find M @ Op1(—1) =2 E(m—1,n—1) as G-bundles.
Thus we conclude X = Z(a,b), where a =m — [, b —n — [ and ged(a,b) =1. O

Lemma 4.7. Let E be a vector bundle of rank 3 on P(Va) 2 Pl and Z := P(E).
Suppose that G acts on Z in such a way that the projection f: Z — Pl is G-
equivariant. Then E admits a G-linearization which induces the same G-action on
Z as the give one.

Proof. We first note that any line bundle L € Pic(Z) is G-linearizable. Indeed,
we have Pic(G x Z) = Pic(G) x Pic(Z) = Pic(Z) since the irregularity of Z is 0
and Pic(G) = {0}. Hence there exists an isomorphism ¢: 0*(L) — p5(L), where
0: G x Z — Z is a morphism defining the given G-action and py: G x Z is the
projection to the second factor. Then we can modify ¢ so that it provides a G-
linearization by the proof of [S, Theorem 1.6].

In particular, the tautological line bundle Opg)(1) is G-linearizable and hence
sois E = r,(Op(g)(1)). Then the G-action on P(E) induced by this G-linearization
coincides with the given one by construction. O
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Lemma 4.8. (1) Let ®: B = C* x C — GL(3) be an algebraic homomorphism.
Then ®(a,b) is equal to one of the following up to conjugation:

an+2 0 an+2b am+2 am+2b (1/2)am+2b2
(a) 0 a"? a"*2b |, (b) 0 am a™b :
0 0 a” 0 0 a™ 2
ad 0 a'b ad 0 0
(¢) O a™ 0 |, (d [0 a™ O
0 0 a2 0 0 a"

(2) Consider the induced B-action on P? by ®(a,b) in (1). Then the general
orbit in P? is 1-dimensional if and only if ®(a,b) is equal to one of the following:

a0 alb a0 0
) (0 &2 0o |, [0 a™ 0 (Il,m,n are not all equal).
0 0 a2 0 0 a"

If ® is of type (e) (resp. type (f)), then the general orbit is isomorphic to BT
(resp. B/ Fq, where d = ged(l —m,l —n)).

Proof. (1) We may assume that Im(®) is contained in the set of all upper triangular
matrices. Let ®;: C* — GL(3) be the restriction of ® to C*. Then up to
conjugation, we may assume that

a0 0
®1(a)=[0 a™ 0
0O 0 a"

Now, let ®3: C — GL(3) be the restriction of ® to C. Then ®5(b) is of the form

1 ¢12(b) ¢13(b)
0 1 d23(b)
0 0 1

Since @4 is a homomorphism, ¢12(b) = hb, ¢o3(b) = kb for some h,k € C, and ¢35
satisfies the following equation for any b, B € C:

$13(b + B) = ¢13(b) + ¢13(B) + hkbB.

It follows that ¢13(b) = pb + (hk/2)b* (p € C).
Now, we have

a'  ha'b  pa'b+ (hk/2)a'b?
®(a,b) = D1(a)P2(b) =10 a™ ka™b
0 0 a”

By calculating the equation ®((a,b)- (A, B)) = ®(a,b) - P(A, B) directly, we have
the following three equations:

(i) ha'b(A™ — Al=2) =0,
(i) ka™b(A™ — Am=2) =0,
(iii) hka'bB(A™ — A'=2) + (hk/2)a'b?(A™ — Al=%) + palb(A™ — Al=2) = 0.
From (i), we find that h = 0 or m = | — 2, and similarly for (ii), (iii). We may
assume that h =1 (resp. k = 1) if h # 0 (resp. k # 0) up to conjugation and thus
finish the proof of (1).
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(2) In the case (a), set P = (0,1,1) € P2, Then Bp = {(£1,0)} C B. Hence
the general orbit is 2-dimensional. In the case (b), we have Bp = {(+1,0)} for
P = (1,1,1), concluding that the general orbit is 2-dimensional. In the case (c),
take a point P = (0,1,1). Then Bp = {(a,0)|a™ = a!~2}. Hence if m # [ — 2,
then the general orbit is 2-dimensional. Suppose that m = | — 2. Then, for a
general point @ = (z,y,2), Bg = {(a,b)|a®*(z + bz) = 2} = T. Hence the general
orbit is 1-dimensional and isomorphic to B/T. In the case (d), for a general point
P = (z,y,2), we have Bp = {(a,b)[a!™™ = a!=" = 1}. If | = m = n, then B acts
on P? trivially. Otherwise, the general orbit is 1-dimensional and isomorphic to
B/Fy, where d = ged(l —m,l —n). |

Now let us turn to the p(X) = 1 case. If X € C(F,) (n > 2) with p(X) = 1,
then X is a Fano threefold of the first kind (i.e., K" is ample and Pic(X) = Z).

Proposition 4.9. There does not exist a Fano threefold X of the first kind such
that X € C(F,,) (n > 2).

Proof. Let X € C(F,) (n > 2) be a Fano threefold of the first kind. By Theorem 1.4,
X is G-birational to Y :=X,, x PL. Let p1: Y — PL (resp. pa: Y — %,,) be the
projection to the first (resp. second) factor and set So := p5 *(Cao ), So := py (Co),
D, :=p; () =%, (r € P).

Let ®: X --» Y be the G-equivariant birational map. We resolve the inde-
terminacy locus of ® as usual; ® = Too ™!, 0: Xy,12 — X is a composition of
G-blowing-ups 0;: X; — X;-1 (1 < ¢ < N + 2) with center B;_; = P(V4), and
7: Xny2 =Yy — Y is a composition of G-blowing-ups 7;: ¥; — Y;_1 (1 <j < N)
with center C;_; = P(13). Let E; C Y be the exceptional divisor of 7;. Then
E; 2 P(V) x Pl or ¥ (I >1). Indeed, E; is a P'-bundle over P(V5) and hence it
is enough to see E; % P(V2) x P(V3). But this holds since the general fiber G/F,
does not degenerate to G/T by [Dul]. Now let E! C X; be the exceptional divisor
of g;. Then E! coincides with one of the proper transforms in X; of Sy, Sec, Dy Or
Ej;. Further, o;] Bl E! — B,;_; coincides with the unique G-equivariant projection
Sy — P(Va), Soo — P(Va), D, 2 %,, — P(Va) or E; — P(V4). Hence we conclude
that the rational map ¢ := m, ops o ®: X — P (V) = P! is an everywhere defined
G-morphism, where 7, : ¥,, — P(V3) is the projection.

Let D := ¢~ 1(z) (2 € P!). Then we have D3 = 0, which is a contradiction since
any effective divisor on a Fano threefold of the first kind is ample. O

Finally we prove Theorem 4.2 (C(N(T))-case).

Proof of Theorem 4.2. (1) Let ®: X --» Wy = P(V3) x P! be a G-equivariant
birational map and we resolve the indeterminacy locus of ® as follows: ® = 700!,
where o: X — X is a composition of G-blowing-ups ¢;: X; — X;_1 (1 <i < N),
Xo=X. 7: Xn = Wy — Wy is also a composition of G-blowing-ups 7;: W; —
Wi_1 (1 <j < M). o; and 7; are G-blowing-ups along a closed orbit isomorphic
to G/B = P

Let En C Xy be the exceptional divisor of oy. Then E is isomorphic to either
Y,(n > 1) or P(V2) x Pl since the general orbit G/N(T') does not degenerate to
G/T by [Dul]. We consider the image of Ex by 7 which is a closed G-stable subset
of Wy. The we have the following three cases (see Subsection 3.4 for the notations):
(a) 7(En) = a section s of po|p,: Dy, — C. (b) 7(Ex) = D, 2 P(V2) x PL. (c)
7(ENn) = a section of pg = P(V3). The case (¢) clearly cannot occur. Suppose that
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(a) occurs. Then 7 contracts the fiber of 0| g, to a point so that oy is unnecessary
and we may reduce N by 1. Suppose that (b) occurs. Then we can reduce N by 1 by
performing an elementary transformation. Thus ® is a composition of elementary
transformations of Wy and a G-birational morphism. Since X is relatively minimal,
we conclude X = Wy, for some m by Lemma 3.7.

(2) Let ¥: X --» P2 x C be a G-equivariant birational map. We resolve the
indeterminacy locus of ¥ as in (1). Then 7(Ey) is a section of D, — C' and hence
on is unnecessary. Repeating this process, we find that X = P(V3) x C. O

APPENDIX

In this appendix, we summarize the classification of US(n) for n = 1,2, 3, where
US(n) is the set of isomorphism classes of smooth projective n-folds with unsolvable
Aut®(-) as in Introduction.

Proposition A. (0) X € US(n) if and only if there exists a simple algebraic group
H such that H acts on X regularly and non-trivially.

In the following three assertions H denotes a simple algebraic group.

(1) Let X be a smooth projective H-curve. Then H is isogenous to SL(2) and
X =Pl Thus US(1) consists of only P*.

(2) Let X be a smooth projective H-surface. Then H is isogenous to SL(3) or
SL(2). If H is isogenous to SL(3), then X = P2. If H is isogenous to SL(2),
then X is isomorphic to P2, Pt x P %, (n > 1), or C x P!, where C is a smooth
projective curve.

(3) Let X be a smooth projective H-threefold. Then H is isogenous to SL(7)
(2 <i<4)orSO(5). If H is isogenous to SL(4), then X = P3. If H is isogenous
to SO(5), then X is isomorphic to either P3 or a smooth quadric threefold in P*.
If H is isogenous to SL(3), then X is isomorphic to one of the following threefolds:
P3, P(Op2 ® Op2(—n)) (n > 0), P(Tpz), or C x P?, where Tp2 is the tangent
bundle of P2 and C is a smooth projective curve.

Proof. The assertion (0) follows from the structure theorem of algebraic groups (cf.
[R, Theorem 16]) and (1) is obvious. For the proofs of (2), (3), see [Mab, Theorem
5.1], [N1, Theorem 1], [N3, Propositions (1.1), (1.2)]. O

In the assertion (3) of Proposition A, the description of smooth projective SL(2)-
threefolds is omitted so that we give some references on this. Let X be a smooth
projective SL(2)-threefold and m the maximum dimension of all orbits of X. Sup-
pose m = 3 (i.e., X has an open dense orbit). Then the birational geometry of
such X is completely clarified in [Mu], [U4] and [N2]. Suppose m = 1. Then
X = §x P!, where S is a smooth projective surface (this follows easily from [Mab,
Theorem 1.3.1]). Thus, the m = 2 case (i.e., X has 2-dimensional general orbits)
is the last class in US(3) whose structure is unknown.
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